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Instructions to the candidates:
1) All questions are compulsory.
2)  Figures to the right indicates full marks.

Q1) Attempt any eight of the following : [8 X 2 =16]

a) Let G be a group of all 2 x 2 non-singular matrices with real entries,
_|lla 0 :

under matrix multiplication. Show that H= 0 a [a=0in Ry i

normal subgroup of G.

b) Say true or false and justify your answer : "Every proper subgroup of a
group of order 77 is cyclic".

¢) Find the order of the permutation o = (1, 2,3)(3,2)(1,2).

d) Define unit in a ring. Find the units in the ring of integers 7, .
e) If'a'is generator of a cyclic group G, show that a™! is also a generator.
f)  Isevery integral domain a field? Justify your answer.

g) IfRis aring with unity 1 and ¢ is a ring homomorphism of R onto R!
prove that, ¢(1) is the unity of R".

h)  Give an example of a subring of a ring which is not an ideal.
i)  Find characteristics of the following rings.

D 2z
i) Z,Xx1Z,

) Is x® + 2X+ 3 an irreducible polynomial in Z [ X] ? Justify your answer.
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02) A) Attempt any one of the following : [1 x6=6]
a) Prove that every subgroup of a cyclic group is cyclic.

b) State and prove the necessary and sufficient conditions for a non-
empty subset H of a group G to be a subgroup.

B) Attempt any two of the following : [2 X 5 =10]

a) Show that any subgroup of a group of index 2 is normal subgroup.

b) Let 0=(2,314)(4,6)(215) be a permutation in S_. Check
whether 'c' is even or odd permutation.

c) If G is a finite group of prime order, then show that G is cyclic
group.

03) A) Attempt any one of the following : [1 X 6=6]
a) Let G be a group and O(G) = P?, where 'p' is a prime number.
Prove that G is abelian.

b) Let ¢ be a homomorphism of a group G onto G with kernel K.

G _
P that — =G
rove a K

B) Attempt any two of the following : [2 X 5 =10]
a) Prove that a group of order 42 is not simple.

b) Let N and M be two normal subgroups of a group G such that
NOM={€} showthat n-m=m-n,Y neN& VY meM.

¢) Define : conjugacy class. Find conjugacy classes of S..

04) A) Attempt any ONE of the following : [1%x6=06]

a) Prove thatacommutative ring R with unity is integral domain if and
only if cancellation laws hold in R.

b) LetR be acommutative ring with unity and M be a maximal ideal of

R
R, then prove that M is a field.
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B) Attempt any two of the following : [2 X 5=10]
a)  Find all prime ideals of Z ,.

b) Prove that the homomorphism ¢ of a ring R onto the ring R’ is an
isomorphism if and only if Kernel of ¢ is {0}.

¢) Let U=< x?+ x+ 4> beanideal of Z,[X] generated by x? + x + 4.

Show that Z,,[X]/ U is a field.

05) A) Attempt any one of the following : [1%x6=06]

a)  State and prove division algorithm for polynomials ring H X], where
F is a field.

b) Prove that if R is integral domain then so is polynomial ring R [x].

B) Attempt any two of the following : [2 X 5=10]

a) Find all units in the ring of Gaussian integers Z[i] . Further, ifa+ib

is not a unit in Z[i], show that g2 1 ph? >1.

b) If 'p' is a prime number, show that the polynomial

f(X) =1+ X+ X +........ + xPis irreducible over rationals.

c) Prove that the product of two primitive polynomials is a primitive
polynomial.

Q00O
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