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Instructions to the candidates:

1) Attempt any five questions.

2) Figures to the right indicate full marks.

Q1) a) Prove that the radii of convergence of Y.a,z"and Y na,z"" are same. [6]

n=0 n=1

b) Let G be anopen connected subset of C andlet f:G — C be differential
such that f’(z) =0 for all z in G. Prove that f'is constant. [5]

c) Find the radius of convergence of each of the series 22" Z" andz Z" 5]
n=l1 n=l1

02)a) LetGbeanopendiscin C andlet u:G — R be a harmonic function.
Prove that «# has a harmonic conjugate. [6]

b) Show that a real-valued analytic function is constant. [5]

c) Show that a Mobius transformation is a combination of translations,
dilations and the inversion. [5]

03)a) Letz,z,z, z, be four distinct points in C_. Prove that the cross ratio

(z) 2, 2, z,) is areal number if and only if all four points lie on a circle.

[6]

b) Let G be a region and suppose f:G — C is analytic such that {G) is
contained in a subset of a circle. Show that f'is constant. [5]

c) Prove that a Mobius transformation has « as its only fixed point if and
only if it is a translation. [5]
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04) 2)

b)

05) 2)

b)

06) a)

b)

Let f : G — C be analytic and suppose the closure of the disc B(a; r) is
a subset of G. Prove that if y(r) =a+re",0<t <27z, then [6]

f(z )—— deor|Z al <r.
2ri 7

Let f be analytic in the disc B(a; R) and suppose that vy is a closed

rectifiable curve in B(a; 7). Prove that L f=0. [5]

Evaluate the integrals: [5]
eiz 1

. ¢ & ..

i) J|z|=1 e ) lel 22

State and prove Liouville’s theorem. Hence deduce that sin z is not
bounded. [6]

State and prove the maximum modulus theorem. [5]

Let fand g be two entire functions such that fg =0. Prove that f =0 or
¢=0. 151

Let G be a simply connected region and f:G — C be analytic in G.
Prove that fhas a primitive. [6]

Let y(@)=0¢" for 0<@<2x and y(@)=4r—0 for 2xr<h<4r.

dz
Evaluate | N [5]

Show that if f:G — C is analytic and one-one, then f’(z)#0 for any
z€G- [S]
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Q7) a)

b)

08) a)

b)

State and prove Goursat’s theorem. [6]

Let G be a bounded region and suppose 7 is continuous on G and
analytic on G. Show that if | f{z)| = 2 for all z on the boundary of G, then
either f'is a constant function or f has a zero in G. [5]

State and prove Schwarz’s lemma. [5]

Suppose fhas an essential singularity at z = a. Prove that for every 6> 0,

the set /' [ann(a; 0, d)] is dense in C. [6]
. . y z -1 .
Classify the singularities of f(z) = m Also, find the residue at
each singularity. [5]

_ . eul Fow th J-ﬁ de _
Using residue calculus, show that J, a+cosf a1’ [5]

> > >
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